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ABSTRACT
We generalize the holographic correspondence between topological gravity coupled to an abelian
Chern-Simons theory in three dimensions and an ensemble average of Narain’s family of massless
free bosons in two dimensions, discovered by Afkhami-Jeddi et al. and by Maloney and Witten. We
find that the correspondence also works for toroidal orbifolds but not for K3 or Calabi-Yau sigma-
models and not always for the minimal models. We conjecture that the correspondence requires
that the central charge is equal to the critical central charge defined by the asymptotic density of
states of the chiral algebra. For toroidal orbifolds, we extend the holographic correspondence to
correlation functions of twist operators by using topological properties of rational tangles in the
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A Poincaré sum of the T c/Z2 vacuum character 28
B Kähler moduli space 31
B.1 ∆MK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
B.2 ∆MKΘ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
C N = 4 modular kernels 34
D Extended N = 2 modular kernels 37
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1 Introduction
Recently, a new type of holographic pair has been found, in which quantum gravity theories are
dual to random ensembles of quantum mechanical systems in one and two dimensions. In [1], an
average of a certain set of quantum mechanical systems is found to be dual to Jackiw-Teitelboim
gravity in two dimensions. In [2, 3], the average of partition functions of c massless free bosons in
two dimensions over Narain moduli space is shown to be equal to that of a U(1)c × U(1)c Chern-
Simons gauge theory in three dimensions coupled to topological gravity, which generates a sum over
three-dimensional topologies allowing hyperbolic metrics. These discoveries have revived questions
on the role of wormholes in quantum gravity [4, 5] and its implications in holography [6]. Unlike
traditional examples of the AdS/CFT correspondence derived from string theory, there is no known
fundamental explanation for the emergence of the ensemble averages in these correspondences. It
is desirable to have more examples so that we can identify general patterns in holography with
ensemble averages and learn lessons on wormholes and sums over topologies in quantum gravity in
general.
In this paper, we examine three more groups of candidates for holographic conformal field
theories (CFTs) in two dimensions. They are ZN orbifolds of massless free boson theories, su-
perconformal sigma-models with Calabi-Yau target spaces, and the minimal models. We find the
holographic correspondence with an ensemble average works for the orbifold models, but not for
the Calabi-Yau sigma-models and not always for the minimal models. This leads us to conjecture
that the correspondence requires that the central charge c is equal to the critical central charge ccrit
defined by the asymptotic density of states of the chiral algebra. For the case of the Calabi-Yau
sigma-models, c is 3 times the complex dimension of the target Calabi-Yau manifold while ccrit = 3,
and thus c > ccrit except for the 2-torus, where the correspondence works. On the other hand,
c = ccrit for the orbifold models and the minimal models.
In [2, 3], the correspondence between a Chern-Simons theory and the averaged massless free
boson theory was tested for their partition functions, but not for their correlation functions. In fact,
there seems to be no non-trivial correspondence for correlation functions in this case. Correlation
functions of the U(1)c × U(1)c currents in the free boson theory do not depend on the Narain
moduli, and their ensemble averages are trivial. While correlation functions of operators with
non-zero momenta and winding numbers have non-trivial dependence on the Narain moduli, there
are no observables in the bulk corresponding to their averages since there are no localized states
carrying non-zero charges with respect to the U(1)c × U(1)c gauge symmetry.
If we orbifoldize the free boson theory, a non-trivial duality can be found for correlation func-
tions. The bulk theory dual to the ZN orbifold is a pure Chern-Simons gauge theory with its ZN
global symmetry gauged, coupled to topological gravity. We will show that the averages of twist
operator correlation functions in the CFT are equal to sums of correlation functions of vortices
associated to the ZN gauge symmetry in the bulk. These sums are over configurations of the vor-
tices ending on the twist operators on the boundary, and are restricted to those called rational
tangles in three-dimensional knot theory [7]. It turns out that the ZN branched cover over a tangle
configuration is a genus-(N − 1) handlebody if and only if the tangle is rational. Therefore, the
sum is restricted to vortex configurations whose N -fold branched covers allow hyperbolic metrics.1
1Note, however, the subtlety for N > 2 due to the existence of non-handlebodies with hyperbolic metrics [8],
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The rest of the paper is organized as follows. In Section 2, we review the Narain ensemble
average of [2,3]. In Section 3, we generalize the ensemble average to Z2 orbifolds. In Section 4, we
generalize the ensemble average to a class of ZN orbifolds. In Section 5, we calculate the average
correlation functions in the Z2 orbifold case and give a bulk interpretation. In Section 6, we do
the same for the ZN orbifolds. In Section 7, we briefly discuss some puzzles about non-factorizable
amplitudes. In Section 8, we discuss ensemble averages of K3 and Calabi-Yau sigma models. Some
detailed calculations are left to the appendices: In Appendix A, we compute the Poincaré sum
of the U(1)c/Z2 vacuum character. In Appendix B, we derive a differential equation the theta
functions of ZN orbifold theories obey. In Appendices C and D, we derive modular kernels for the
N = 2, 4 superconformal algebras. In Appendix E, we compute Poincaré sums of minimal model
vacuum characters.
Note on the title of this paper:
The title is in homage to the video introduction to the study of branched coverings over knots
entitled “Knots to Narnia” by W. Thurston [9], which will play an important role in this paper.
We thank Tom Melia for pointing out that Narnia is an anagram of Narain.
2 Review of Narain averaging duality
In this section we review the recent work [2, 3] which established a holographic duality between
an average of c free bosons and an exotic Chern-Simons-like theory of gravity in three dimensions.
Consider a CFT of c free bosons with c > 2. The parameter space of this theory is the c2-dimensional
Narain moduli space
O(c, c;Z)\O(c, c)/O(c)×O(c) . (2.1)
An averaging procedure using the Zamolodchikov measure allows one to define an “averaged parti-
tion function.” If c > 1, the volume of this moduli space under the Zamolodchikov measure is finite,
and if c > 2 the average is also finite. To calculate the average, we review the logic in [3, section




where Θm(τ, τ̄) is the Siegel-Narain theta function which contains the lattice sum — see eqs. (4.7)-
(4.9) for definitions — and m is an abstract coordinate on the target space of c free bosons which
parametrizes the symmetric and anti-symmetric matrices Gmn, Bmn.
The only moduli-dependence in eq. (2.2) is in the theta function Θm(τ, τ̄). A direct calculation






Θm(τ, τ̄) = 0 (2.3)
where ∆H is the Laplacian on the upper half plane (worldsheet moduli space), and ∆M is the
Laplacian on (2.1) (target space moduli space). Integrating over the target space moduli space and












= 0 , (2.4)
which is also an issue with the higher genus partition functions in the T c case [2, 3].
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, it can then be shown that eq. (2.4) has as unique solution given by the real
analytic Eisenstein series E(s, τ, τ̄):
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c/2










where Γ∞ is the group generated by the modular T transformation.
This result is a rewrite of an argument originally by Siegel, and is known as the Siegel-Weil

















The sum (2.7) is known as a Poincaré series and is related to a sum over classical geometries in
AdS3. There have been various attempts in interpreting Poincaré series as a sum over classical
saddles in computing a path integral in AdS3 [10–13]. This then leads to a natural question: can
the sum (2.7) be interpreted as a sum over geometries weighted by a classical action? In [2, 3] it
was argued that it can. However, the action is not that of an Einstein-Hilbert term, but rather
a U(1)c × U(1)c Chern-Simons theory. The theory is then coupled to a topological gravity term
which induces a sum over geometries. The contribution of the Chern-Simons action to the path
integral in thermal AdS3 is 1/|η(τ)|2c, and the sum over geometries gives us the Poincaré sum in
(2.7).
To summarize, the result of [2, 3] is that the following three quantities are the same:














, M = O(c, c;Z)\O(c, c)/O(c)×O(c) . (2.8)
































3 Averaging over T c/Z2
In this section we will first generalize the computation of the average partition function of c free
bosons to that of a Z2 orbifold of c free bosons. We will then provide a bulk interpretation of this
average.
3.1 Boundary CFT
Let ZT c(τ, τ̄) be the partition function of the sigma-model with target space T
c:












where c is the complex dimension of the torus and Γc,c is the Narain lattice. The characters of
the T c/Z2 orbifold are given by the following. There are four discrete representations as well as a































































































2 , respectively. Finally, there is a family of characters





χvac and χh are characters of states in the untwisted sectors that are invariant under the (left-
moving) Z2 orbifold action, and χ1 is the character of the Z2-odd untwisted sector states; χ2 and
χ3 are the Z2 even and odd states in the twisted sector. The partition function is then obtained
by combining states of the same left- and right-moving Z2 parity, so that they are invariant under
the diagonal Z2 action. It is given by [14]




where the last term in (3.4) is the momentum and winding sum, generically with degeneracy
1 (unlike the T c theory where the degeneracy is generically 2 due to the (n,m) ↔ (−n,−m)
symmety). Using eq. (3.1) and the explicit expressions in eq. (3.2), we can write the partition
function (3.4) as:








∣∣∣c + ∣∣∣ η(τ)
θ3(τ)














where Γ∞ is the group generated by the T transformation (this group is isomorphic to Z). This
means that we pick a complex parameter s whose real part is large enough such that the sum in
(3.6) converges, and then analytically continue the resulting function of s to s = 0. A main result






= 〈ZT c〉M . (3.7)
Our goal is to generalize this to toroidal orbifold theories.
First note that the torus CFT has the Z2 symmetry acting as ~X 7→ − ~X everywhere on the
moduli space M. Moreover, the shared chiral algebra for the orbifold is given by the currents
shared at all points in the moduli space of (3.5). This is given by the first two terms (the last two

















It is straightforward to compute 〈ZT c/Z2〉M using eq. (3.5). The first term on the rhs of eq.
(3.5) is the same as the partition function of the unorbifolded theory. Moreover, the Zamolodchikov
measure on the Z2 branch of the moduli space is the same as the unorbifolded branch, because the
exactly marginal operator is unaffected by the orbifold projection. We therefore have from [2,3]:











Since the remaining terms in (3.5) are moduli-independent, we find
















∣∣∣c + ∣∣∣ η(τ)
θ3(τ)
∣∣∣c + ∣∣∣ η(τ)
θ4(τ)
∣∣∣c]) . (3.11)
Next let us generalize the lhs of eq. (3.7). A naive guess might be to again take the Poincaré
series of the vacuum contribution, namely∑
γ∈Γ∞\SL(2,Z)
|χvac(γτ)|2 , (3.12)
where χvac(τ) given by eq. (3.9). This turns out to be an incorrect choice: a careful computation
shows that it does not agree with the average (3.11) — see appendix A for the details.
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The correct prescription turns out to be the following: define Zst to be the contributions of all
moduli-independent pieces. In the original torus case we had Zst = 1|η(τ)|2c , since all the primaries
were moduli-dependent. In our case, however, we also have the moduli-independent twisted sectors,
so that
Zst(τ, τ̄) = |χvac(τ)|2 + |χ1(τ)|2 + 2c|χ2(τ)|2 + 2c|χ3(τ)2| . (3.13)
Here Zst is the moduli-independent pieces of the CFT, but we will see later in subsection 3.2 that
it is also the partition function of some bulk theory on the solid torus. (In Zst, st stands for “solid
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Note that the second term in the second line of eq. (3.14) is modular invariant so we can pull it
out of the sum and be left with the divergent sum over SL(2,Z) orbits. We take this to be the
Eisenstein series analytically continued to s = 0 which gives 1, so that formally we have∑
γ∈Γ∞\SL(2,Z)
1 = 1 . (3.15)



















∣∣∣c + ∣∣∣ η(τ)
θ3(τ)
∣∣∣c + ∣∣∣ η(τ)
θ4(τ)
∣∣∣c]) (3.16)
which is precisely the average partition function (3.11):∑
γ∈Γ∞\SL(2,Z)
(Zst(γτ, γτ̄)) = 〈ZT c/Z2(τ, τ̄)〉M . (3.17)
We will give a bulk explanation of this sum in the next subsection.
3.2 Bulk Chern-Simons Theory
Let us now interpret this result from the bulk perspective. According to the standard dictionary of
the AdS3/CFT2 correspondence, a massless free scalar field X in two dimensions is dual to a pair
of Chern-Simons gauge fields A and Ã with the boundary conditions,
Az = ∂zX, Az̄ = 0,
Ãz̄ = ∂z̄X, Ãz = 0, (3.18)
in the gauge where the component of each gauge connection normal to the boundary vanishes (see,
for example, [15]). This suggests that the Z2 symmetry, X → −X, in two dimensions acts as
A → −A and Ã → −Ã in this gauge. This is a global symmetry in the Chern-Simons theory.
7
Even though the bulk theory is meant to be gravitational, the global symmetry is allowed here
since the standard arguments for the absence of global symmetries assume weakly coupled Einstein
gravity [16–18].
Orbifolding the free scalar X by the Z2 symmetry should then be dual to gauging the Z2
global symmetry of the Chern-Simons theory. Consider the Chern-Simons theory with gauge group
U(1)2c ⊗ Z2 on the solid torus whose spatial cycle is contractible. To project onto Z2 invariant
states, we insert P = (1 + (−1)σ)/2 in the partition function, where (−1)σ generates the Z2 action
on states on the spatial slice. The partition function with the insertion of 1 is the same as the one









|1 + qn|2c =
∣∣∣∣ η(τ)η(2τ)
∣∣∣∣2c . (3.20)
To obtain this, we need to compute the functional determinants of twisted Laplacians as in ap-
pendix C of [19]. Twisting here means imposing a twisted boundary condition on the eigenfunctions






Z+− = |χvac|2 + |χ1|2 . (3.21)
There are other contributions we need to take into account. One of the hallmarks of discrete
gauge symmetry, as opposed to discrete global symmetry, is the presence of vortices [20,21]. They
are co-dimension two objects around which local fields are acted by elements of the gauge group.
In the Z2 case, the Chern-Simons gauge fields transform as A → −A and Ã → −Ã around the
non-trivial vortices. They correspond to non-trivial Z2 bundles in the bulk and are similar to the
conical defects considered in the context of the pure Einstein gravity in three dimensions in [22].
Given that such vortices exist in the bulk, we should take into account configurations with vortices
running along non-contractible cycles of the solid torus since they should be part of the “summing
over gauge field configurations in the bulk” as they represent non-trivial Z2 bundles.
These vortices can end on the boundary, and the end points are identified with the twist fields
of the orbifold theory. Since there are 2c twist fields corresponding to the 2c fixed points on T c/Z2,
we expect that there are 2c different vortices.
To compute the partition function with a single vortex insertion, we apply the double cover
trick of the orbifold theory to the bulk theory. Consider a solid torus of the modulus τ and cut
it open along the ‘1’ direction to obtain a solid cylinder of circumference 1 and length τ . If there
is a Z2 vortex running through the center, we map the solid cylinder to its double cover, a solid
cylinder of circumference of 2, length τ and with no vortex, which is conformally equivalent to a
cylinder of circumference 1 and length τ/2. Therefore, the contribution to the partition function of
2c gauge fields is again (3.19), with τ replaced by τ/2. This however is not quite what we are after:
Each of the gauge fields A(z) on the cover is completely arbitrary, and thus does not correspond
to a configuration that satisfies A 7→ −A on the base. Instead it represents a configuration of two
independent fields A1,2 on the base that are exchanged around the vortex as, A1,2 7→ A2,1. From
this we want to extract the contribution of A = A1 − A2, which indeed has the correct boundary
8
condition around the vortex. To do this, we can cancel out the contribution of A1 + A2, which is



































Z−− = |χ2|2 + |χ3|2. (3.24)
Since there are 2c different vortices, the total Chern-Simons partition function for the solid torus,
with and without vortices running in the middle, is
Zst = |χvac|2 + |χ1|2 + 2c|χ2|2 + 2c|χ3|2 , (3.25)
which is indeed the same as Zst in eq. (3.13). Of course one can imagine more complicated
configurations of vortices. However, due to the Z2 fusion rules of vortices, they can be reduced
to either the vortex running through the solid torus once or no vortex at all. A sum over all
contractible cycles indeed gives the Poincaré series (3.16).
4 Averaging over T 2d/ZN
In this section we generalize our computations and consider T 2d/ZN orbifolds. The main difference
to the Z2 case is that not every T 2d has a ZN symmetry. We will fix the action of the symmetry
and then integrate only over deformations that are compatible with that symmetry. We therefore
have to restrict ourselves to a sublocus of the moduli space that allows for such a symmetry; as we
will explain below, we will average over the Kähler moduli space with fixed complex structure.
4.1 Average over Kähler Moduli Space
Let ZN be a symmetry acting on Rc, where we assume that c = 2d. Let us define our ZN action
as the following. We assume that the symmetry has no fixed points other than the origin, and we
choose complex basis vectors {eµi , e
µ
ī
} with (eµi )∗ = e
µ
ī
such that ZN acts as
Zi 7→ e2πi/NZi , Z̄ ī 7→ e−2πi/N Z̄ ī . (4.1)
These vectors define a complex structure. We note that even though we are setting up our formalism
for arbitrary N , only for the crystallographic cases N = 3, 4, and 6 can we actually find lattices with
the symmetry (4.1). For other choices of action of ZN , however, other values of N are possible [23].




any real vector Xµ as















Since we want the CFT to be invariant under the rotation Zi 7→ e2πi/NZi, Z̄ ī 7→ e−2πi/N Z̄ ī, we
need to fix the complex structure such that
Gij = Gī̄ = Bij = Bī̄ = 0 . (4.4)











ī = −Bīj . (4.6)
Gi̄ and Bi̄ are the coordinates for the c
2/2 real dimensional Kähler sublocus MK of M. The


















′nr +Brs̄w̄s̄ , v̄r̄ = α′n̄r̄ +Br̄sws . (4.9)
The upshot is that instead of averaging over the entire moduli space M, we keep the complex
structure fixed and compatible with the ZN symmetry, and instead average only over the Kähler
structure MK parametrized by Gi̄ and Bi̄.
We would like to compute the average of the partition function
ZT c(τ, τ̄) =
Θm(τ, τ̄)
|η(τ)|2c (4.10)




dµ(m)Θ(m, τ) , (4.11)
where again we emphasize that we average only overMK , not the entire Narain moduli space. To






Θ(m, τ) = 0 . (4.12)




τ1), and ∆MK is the Laplacian
restricted to the Kähler sublocusMK . In appendix B we derive its explicit form which is given by
∆MK = −Gmp̄Gqn̄(∂Gmn̄∂Gp̄q + ∂Bmn̄∂Bp̄q) . (4.13)
Appendix B then verifies that Θ(m, τ) indeed satisfies (4.12). Averaging (4.12) over MK and
integrating by parts establishes (∆H − cτ2 ∂∂τ2 )〈Θ(m, τ)〉 = 0. Since 〈Θ(m, τ)〉 has modular weight
(c/2, c/2) and satisfies limτ2→∞〈Θ(m, τ)〉 = 1, the same argument as in [3] establishes that












4.2 The Poincaré Series
Let gi be the generators of ZN . The twisted sectors are defined by elements gi which act as rotations
on T c. We can insert an element gj , which gives the twisted twining partition function Z(i,j). The
partition function of the orbifold CFT is then given by










Here the first term and the sum are separately modular invariant. In fact, Z0,0 is simply the
unorbifolded partition function
Z0,0(τ, τ̄) = ZT c(τ, τ̄) . (4.16)
Since the action of ZN on the lattice Λ ⊂ Rc has no fixed points other than the origin, the
twined untwisted sectors with j 6= 0 do not contain any winding and momentum modes and
are therefore independent of the moduli. Moreover, since all twisted sectors can be obtained as
modular transformations of the twined untwisted sector, it follows that they are also independent
of the moduli. The upshot is thus that in (4.15), only the first term depends on the moduli. Using
(4.14) it follows that
〈ZT c/ZN (τ, τ̄)〉MK =
1
N

















where ZvacT c is the contribution of all vacuum descendants of the unorbifolded theory, which is
therefore moduli independent. The only moduli dependence is thus contained in the sum over h, h̄.











(We again follow the notation of Section 3 and call this quantity Zst, in anticipation that this will
be a bulk quantity computed on the solid torus.) Our proposal is then that the Poincaré series of
Zst is equal to the average over the Kähler moduli space MK ,∑
γ∈Γ∞\SL(2,Z)
Zst(γτ, γτ̄) = 〈ZT c/ZN (τ, τ̄)〉MK . (4.20)
This follows immediately from what we have said so far: The second term in (4.19) is modular
invariant and (with the Poincaré series of 1 regularized to be 1) remains unchanged under the
Poincaré series. On the other hand, ZvacT c is the vacuum sector of the original unorbifolded torus
partition function, whose Poincaré series is the first term in (4.17). This establishes (4.20).
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4.3 Bulk Chern-Simons Theory
Let us briefly sketch how we obtain the Poincaré sum of Zst from a bulk computation. The story
here is very similar to what we described in section 3.2. Rather than only (−1)σ we can now insert
operators gi in the path integral, compute such twisted Laplacian determinants as in [19], and use
the results to project to invariant states.
We again introduce vortices to extend the boundary twist fields into the bulk. Now there are
N types of such vortices which satisfy the fusion rule
[i] + [j] = [i+ j] . (4.21)
The term Zi,j corresponds to the Chern-Simons path integral with vortex [i], or alternatively,
i copies of vortices [1] and operator gj inserted. We conjecture that these Chern-Simons path
integrals will indeed give the corresponding terms in Zst in (4.19). To establish this, we expect
that a similar argument as in section 3.2 will apply here.
5 Averaging correlation functions of Z2 orbifolds
In the previous sections, we have shown that ensemble averages of the partition functions of two-
dimensional CFTs with orbifold target spaces have holographic interpretations in terms of exotic
bulk gravity theories in three dimensions, generalizing the results of [2,3] for the torus target space.
A new feature is the ZN gauge symmetry in the bulk, which generates a sum over ZN -bundles on
the solid torus. One can now ask whether the correspondence can be extended to other observables
in CFT, such as correlations functions.
For the torus target space of [2,3], the correspondence is trivial for correlation functions. Corre-
lation functions of the U(1)cL×U(1)cR currents do not depend on the Narain moduli of T c, and it is
trivial to average them. They obviously correspond to boundary-boundary correlation functions of
the U(1)c×U(1)c Chern-Simons theory in three dimensions. One may try to find bulk duals of cor-
relation functions involving non-zero winding and momentum numbers, which depend non-trivially
on the moduli. However, since the bulk theory is a pure Chern-Simons theory coupled to topo-
logical gravity, there are no states which carry non-zero charges with respect to the U(1)c × U(1)c
symmetry.2 One may still consider correlation functions of Wilson-lines in the bulk ending on the
boundary at the insertion points of charged operators, but they do not reproduce averages of the
CFT correlation functions with non-zero winding and momentum numbers. In fact, averaging these
CFT correlation functions over the Narain moduli space gives transcendental functions of insertion
points of these operators. On the other hand, the correlation functions of Wilson-lines in the bulk
are elementary functions of the end-points of the Wilson lines. Since there are only a finite number
of ways to connect CFT operators by Wilson lines, the correlation function remains an elementary
function even after we sum over the possible configurations. Thus, the correspondence fails for
correlation functions with non-zero winding and momentum numbers.
In this section, we will find a non-trivial duality for correlation functions in the orbifold theories.
The partition function computation in the previous section suggests that the bulk dual to the ZN
orbifold of T c is a U(1)c×U(1)c Chern-Simons theory with its ZN global symmetry gauged, coupled
to topological gravity which sums over three-dimensional topologies allowing hyperbolic metrics. In
2More precisely the partition function on the solid torus does not contain any charged states. See [25] for further
discussions.
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this case, we can identify holographic duals of correlation functions of twist operators in the CFT.
We show that the averages of the twist operator correlation functions over the orbifold moduli
space are equal to sums of correlation functions of ZN vortices ending on the insertion points of
the twist operators, and that the sums are over configurations of these vortices that are compatible
with hyperbolic structure in the bulk. In this section, we focus on the N = 2 case. First, we will
compute the averages of CFT correlation functions of twist operators in section 5.1. We will then
interpret the results from the bulk perspective in section 5.2. Averages of correlation functions of
ZN orbifold theories with N > 2 will be discussed in section 6. The idea of interpreting correlation
functions in CFTs as a sum over bulk vortex configurations was first considered in [26]. In this
section we will show that the twist operator four-point functions in the averaged Narain orbifold
theory provide a concrete realization of what was anticipated in [26].
5.1 Ensemble Average of CFT Correlation Functions
On T c/Z2, there are 2c fixed points, which can be labeled by vectors ~ε ∈ Zc2. Consider a correlation
function of four twist fields σ~εi (i = 0, 1, 2, 3) on S
2. By the charge conservation,
∑3
i=0~εi = 0.
Moreover, we can always choose the origin of T c so that one of the vectors is zero. Thus, the most
general four point function is given by
G~ε0,~ε1(x) = 〈σ~ε0(0)σ~ε1(1)σ~ε1+~ε0(x)σ0(∞)〉 . (5.1)
The method to evaluate this by going to the double cover of S2 was developed in [27,28].
5.1.1 Wε0,ε1(τ)
The correlation function (5.1) is given by [28]
G~ε0,~ε1(x) = 2









rs̄vr v̄s̄+Grs̄wrw̄s̄)+2πiτ1(nrwr+n̄r̄w̄r̄) , (5.3)
and the modulus of the covering torus τ is related to the cross ratio x by the modular λ function





The Siegel-Narain theta function Θε0,ε1(m, τ) satisfies the same differential equation as in [3] (see






Θε0,ε1(m, τ) = 0 . (5.5)






dµ(m)Θε0,ε1(m, τ) . (5.6)
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(In (5.6), we introduced an extra factor of τ
c/2
2 for convenient to make Wε0,ε1(τ) modular invariant
under the congruence subgroup Γ(2).) Assuming that the integral over the moduli space converges,









= 0 . (5.7)






















W : Wε0,ε1 Wε1,ε0 Wε0+ε1,ε1 Wε0,ε0+ε1 Wε1,ε0+ε1 Wε0+ε1,ε0 (5.9)
Γ(2) has the cusps {0, 1, i∞}. Physically, it is clear that Wε0,ε1(τ) is finite on H/Γ(2) away from
these cusps, where H is the upper half plane.
5.1.2 Eigenfunctions of the Laplacian










Wε0,ε1(τ) = 0 . (5.10)
That is, Wε0,ε1 is an eigenfunction of the Laplacian of eigenvalue − c2( c2 − 1). In particular, if c > 2,
it is an eigenfunction with negative eigenvalue.
We next describe the space of such eigenfunctions Wε0,ε1 defined on H/Γ(2). First, let us give
three examples of such eigenfunctions. There is the Eisenstein series given by3
E
Γ(2)









|cτ + d|c . (5.11)
There are 6 images of this under SL(2,Z)/Γ(2), but because (5.11) is invariant under T modular
transformation, there are only two new images:
E
Γ(2)
0 (c/2, τ, τ̄) := E
Γ(2)
i∞ (c/2,−1/τ,−1/τ̄) , (5.12)
E
Γ(2)
1 (c/2, τ, τ̄) := E
Γ(2)
i∞ (c/2,−1/(τ − 1),−1/(τ̄ − 1)) . (5.13)







We can also expand E
Γ(2)
0 (τ) at the other cusps (see eq. (C.22) of [30]) to get:
E
Γ(2)
0 −−−−→τ→i∞ 0 , E
Γ(2)
1 −−−−→τ→i∞ 0 . (5.15)
3We hope that the two uses of c in (5.11) as both the central charge and the lower-left entry of an element of Γ(2)
will not confuse the reader.
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The reason for this is that in the Eisenstein series, the only element that does not go to 0 as τ → i∞





they behave as (5.15). Note that from (5.14) and (5.15) we can immediately read off the behavior
at the cusps. Namely, E
Γ(2)
s diverges at the cusp s, and vanishes at the two other cusps.
This divergence immediately implies that the Eisenstein series are not square integrable. That
is not surprising, since they are eigenfunctions of the Laplacian with negative eigenvalue. We know
however that on L2, the Laplacian is positive definite.
We now claim that Wε0,ε1 can be written as a linear combination of the three Eisenstein series,
Wε0,ε1(τ) = AE
Γ(2)
i∞ (c/2, τ, τ̄) +BE
Γ(2)
0 (c/2, τ, τ̄) + CE
Γ(2)
1 (c/2, τ, τ̄) , (5.16)
where the three coefficients A,B,C depend on ε0 and ε1, and we fix them by matching at each cusp
0, 1, i∞ the behavior of Wε0,ε1(τ) to the behavior of the EΓ(2). To establish (5.16), let us take the
difference of the left- and right-hand side. The resulting function is clearly still an eigenfunction of
the Laplacian with negative eigenvalue. We claim that it is square integrable, and hence vanishes.
To see this, we first note that all the functions appearing in (5.16) are regular away from the
cusps. We thus only need to establish that their difference is square integrable around i∞, 0 and
1. Let us first discuss the behavior at i∞. We know that Fε0,ε1(τ) ∼ 1 as τ → i∞, such that
Wε0,ε1(τ) ∼ τ
c/2
2 . Since by (5.15) we know that the two other Eisenstein series remain regular, we
simply fix A such that the leading divergence cancels the divergence (5.14). It then follows that
the difference grows more slowly than τ
c/2







Since the difference grows slower than τ
c/2
2 , it must grow like τ
1−c/2
2 , and is thus square integrable
around the cusp i∞.
To deal with the cusps 0 and 1, we simply map them to i∞ using an appropriate element of
SL(2,Z). Since both the integration measure and ∆H are invariant under such transformations,
the only thing that changes is that the three Eisenstein series are permuted. To ensure integrability
around the other cusps, it is thus necessary to fix B and C to match the leading divergence at those
cusps coming from E
Γ(2)
0 (c/2, τ, τ̄) and E
Γ(2)
1 (c/2, τ, τ̄). The difference is then square integrable
around all cusps, and therefore necessarily vanishes, establishing (5.16).
5.1.3 Fixing the cusps
To fix the coefficients A, B, and C in eq. (5.16), we compute the behavior of Wε0,ε1 near the cusps.
To do this, let us consider eq. (5.3). In the limit τ → i∞, we only need to evaluate the leading
term. This is the term with w = 0. If ε0 = 0, then there is a term with n = 0, so that Θ→ 1. On
the other hand if ε0 6= 0, then every term has a strictly positive power of q, so that Θ → 0. After
exchanging the limit and the integral in eq. (5.6), and using the fact that the integration measure





2 Wε0,ε1(τ) = δε0,0 . (5.18)




















2 Wε0+ε1,ε1(τ) = δε0+ε1,0 . (5.20)
In total, we thus obtain
Wε0,ε1(τ) = δε0,0E
Γ(2)
i∞ (c/2, τ, τ̄) + δε1,0E
Γ(2)
0 (c/2, τ, τ̄) + δε1,ε0E
Γ(2)
1 (c/2, τ, τ̄) . (5.21)
Note that this implies a stronger version of Zc2-charge conservation: there is a Wick-type contraction,
but only between fields with matching charges.
5.2 Bulk Interpretation
In this subsection, we present a bulk interpretation of the CFT computation (5.21). We shall
discuss the ZN orbifold with N = 2 and will later generalize the results to N > 2 in section 6.
5.2.1 Vortices for Discrete Gauge Symmetry
If there is a Z2 twist operator at z = z0 on the boundary, the CFT variables Xµ change their
signs as they go around this point. In the bulk, this sign change is described by a Z2 gauge vortex
emanating from the point z0 on the boundary. In the gauge where the component of each gauge
connection along the vortex vanishes, the gauge connections change their signs as they go around
the vortex.
Since Z2 vortices cannot split or join, the vortex emanating from z0 should end somewhere on
the boundary, say at z = z1, where there must be another twist operator. Each twist operator
is associated to a Z2 fixed point on T c. It turns out that the fixed points associated to the two
end-points of the vortex must be the same. To see this, we note that the vortex cannot make a
non-trivial knot in the bulk for a reason to be explained later. Therefore, the vortex configuration
must be homotopic to a curve connecting z0 to z1 on the boundary. Since the gauge connections of
the Chern-Simons theory must be flat, the integral of A from z0 to z1 on the boundary must be the
same as the integral of A along the vortex, which should vanish by the gauge condition. Since the
gauge connection is related to X on the boundary by (3.18), the integral of ∂zXdz + ∂z̄Xdz̄ along
the curve connecting z0 to z1 should also vanish, namely, X
µ(z0) = X
µ(z1). Thus, the Z2 fixed
points associated to the two end-points of the vortex must coincide. This explains the selection
rule in (5.21) imposed by the three Kronecker deltas, δε0,0, δε1,0, and δε1,ε0 .
Let us focus on the four point function of twist operators discussed in the previous section.
The four points are pairwise connected by two vortices in the bulk, and the two end-points of each
vortex must be associated to the same Z2 fixed point, as explained in the above paragraph. The
first term on the right-hand side of (5.21), for example, should correspond to a configuration where
one vortex connects twist fields at z = 0 and ∞ and another connects those at z = x and 1.
There are infinitely many ways to connect z = 0 and ∞ by a vortex and to connect z = x and
1 by another vortex. The vortices can be linked in the bulk in topologically non-trivial manners,
and each of them can knot with itself. As we are going to show in the next subsection, there are
topological restrictions on configurations of the vortices. With these restrictions, the Eisenstein
series (5.11) computed by the ensemble average of the CFT correlation function can be interpreted














Figure 1: Two rational tangles related by a monodromy transformation.
5.2.2 Rational Tangles
Before deriving the topological restrictions on configurations of the vortices from the bulk per-
spective, it would be helpful to discuss the geometric meaning of the sum over Γ∞\Γ(2) in the
Eisenstein series (5.11) from the CFT perspective.
The congruence subgroup Γ(2) of the modular group acts on τ as the fractional linear transfor-
mation, and τ is related to the cross ratio x of the four insertion points of the twist operators by
x = 1− λ(τ) as in eq. (5.4). The inverse of this relation is
τ(x) = i
2F1(1/2, 1/2, 1 : x)
2F1(1/2, 1/2, 1 : 1− x)
. (5.22)
Since the Frobenius method gives
2F1(1/2, 1/2, 1 : 1− x) = −
1
π
log x · 2F1(1/2, 1/2, 1 : x) + · · · , (5.23)
where (· · · ) represents a function that is single-valued around z = 0, we find the monodromy
relation




−2τ(x) + 1 . (5.25)
Similarly,
τ(e2πi(x− 1) + 1) = τ(x)− 2 . (5.26)
Since τ → −2τ + 1 and τ → τ − 2 generate Γ(2), we can identify Γ(2) as the monodromy group of
x going around 0, 1, and ∞. Since both Γ(2) and the monodromy group are free groups with two
generators, this gives an isomorphism between the two groups.
Each term in (5.11) is identified as a configuration of the two vortices in the bulk as follows.
Consider a configuration of the vortices as in Fig. 1a. If we move x around 0 and bring it back
to the same point, a new vortex configuration depicted in Fig. 1b is generated. In this way, the
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Figure 2: Consider a minimal surface bounded by each vortex and the boundary of the 3 ball, and
cut open the 3-ball along the two minimal surfaces as shown in the diagram. The pink region is
the boundary, the black lines are the two-tangles, and the orange surfaces the branch sheets (or in
the language of [9], the orange surfaces are the doorways to Narnia). Gluing two copies of 3-balls
across these minimal surfaces gives a solid torus of modulus τ .
monodromy group of x generates a set of vortex configurations. We will use the concept of rational
tangles to describe them. In knot theory, a 2-tangle is a proper embedding of the disjoint union of
two arcs into a 3-ball such that the endpoints of the arcs land on four marked points on the ball’s
boundary. A tangle is called rational if it is homeomorphic to the trivial one as in Fig. 1a. It is
known that rational 2-tangles are generated by acting the monodromy group on endpoints of the
trivial tangle. Since the monodromy of x around 1 acts trivially on the configuration depicted in
Fig. 1a, one can identify Γ∞\Γ(2) as the set of rational 2-tangles pair-wisely connecting 0 and ∞
and connecting x and 1 on the boundary.
Let us discuss the bulk Chern-Simons computation for the vortex configuration depicted in Fig.
1a. Since the gauge connections change their signs around each vortex, we can compute the Chern-
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Figure 4: (a) an example of a rational tangle. (b) an example of an irrational tangle which cannot
be generated by a finite sequence of exchanges of points on the boundary.
theory on the boundary. The topology of the double branched cover can be understood as follows.
Consider a minimal surface bounded by each vortex and the boundary of the 3 ball, and cut open
the 3-ball along the two minimal surfaces as shown in Fig. 2. Gluing two copies of 3-balls across
these minimal surfaces gives a solid torus of modulus τ . Fig. 3a and Fig. 3b further illustrate this
by circling the contractible and non-contractible cycles in the solid torus, respectively.
The Chern-Simons path integral then gives (
√
τ2/|τ |)c, which is the γ = 1 term in eq. (5.11) .
Other terms in eq. (5.11) are then generated by the monodromy transformations on x. Therefore,
the Eisenstein series (5.11) can be interpreted as a sum over rational 2-tangles pair-wisely connecting
the points 0 and ∞ and the points x and 1.
On the other hand, SL(2,Z)/Γ(2) exchanges 0, 1, x, and ∞ on the sphere and generates vortex
configurations connecting different pairs of the 4 points. Therefore, the three Eisenstein series in
(5.21) can all be interpreted in terms of sums over rational 2-tangles.
This raises the question on why configurations of vortices are restricted to be those of rational
tangles. For example, a tangle configuration depicted in Fig. 4b cannot be generated by the
monodromy group on the trivial tangle, and there is no corresponding term in the Eisenstein series.
This question can be answered as follows.
Since all rational 2-tangles are homeomorphic to the trivial 2-tangle, their double branched
covers are solid tori with the modulus τ related to each other by Γ∞\Γ(2). It turns out that the
converse is also true. There has been an extensive study of branched covers over knots and tangles
in three dimensions. In particular, it was proven by Lemmas 4.4 and 4.5 in [31] that, if a double
branched cover over a 2-tangle is a solid torus, the tangle must be rational.4 Therefore, a 2-tangle
is rational if and only if its double branched covering is a solid torus. Since a three-dimensional
manifold bounded by a genus-one surface admits a hyperbolic metric if and only if it is a solid
torus [12], we can also say that the Eisenstein series (5.11) is a sum over vortex configurations such
that their double branched covers allow hyperbolic metrics.
4We thank Toshitake Kohno, Kimihiko Motegi, Makoto Sakuma, and Akira Yasuhara for explaining this to us.
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6 Averaging correlation functions of ZN orbifolds
Let us now sketch the computation for the averaged 4-point correlation functions of ZN orbifolds.
We will consider the correlator
〈σ−(∞)σ+(1)σ−(x)σ+(0)〉 . (6.1)
There are now N sectors which we denote by k = 0, 1, . . . N − 1. In the above we use the notation
that σ+ is in the k
th sector, and σ− in the (N − k)th sector. To compute (6.1), we again go to a
covering surface, which in this case turns out to be genus N − 1. More precisely, this genus will
have ZN symmetry. In particular this means that we end up in a one-dimensional sublocus of the
moduli space, parametrized by the cross ratio x. For the case of Z3, the relation between x and

























N , 1− kN ; 1; 1− x)
2F1(
k
N , 1− kN ; 1;x)
. (6.3)
Even though for N > 2 the covering surface is not a torus, the resulting expression for (6.1) looks
very much like the partition on a torus with modulus τN , and the symmetry group acts like a
subgroup of SL(2,Z) on τN . This is why we call τN a fake torus modulus. For N = 2, τ2 is indeed
simply the modulus of the covering torus.
In principle this genus g = N −1 surface has mapping class group Sp(2g,Z). However, since we
are restricting to the symmetric sublocus, our symmetry group will be much smaller. We want to
construct the action of the monodromy group of the sphere with four punctures on τN . This group
is freely generated by the monodromies around 0 and 1,
A : x 7→ e2πix , B : x 7→ 1− e2πi(1− x) . (6.4)
As discussed in section 5, we want to think of this as the principal congruence subgroup Γ(2), which
is indeed freely generated by two generators, for instance (5.25) and (5.26).
We now want to consider their action on the fake modulus τN . Using (6.3) and the known
monodromies of hypergeometric functions we find that they act on the fake torus modulus as
A : τN 7→ τN − 1 B : τN 7→
τN
4 sin2(πk/N)τN + 1
(6.5)
First we note that if 4 sin2(πk/N) is integral, then A and B in (6.5) generate a subgroup G of
SL(2,Z). In the cases we are most interested in, for k = 1 these subgroup are given by
Z2 Z3 Z4 Z6
4 3 2 1
Γ(2) Γ0(3) Γ0(2) SL(2,Z)
(6.6)
where the second row gives the value of 4 sin2(π/N). Note that for Z2 when working with τ2 rather
than τ we use the fact that Γ0(4) ' Γ(2). Next we note that the group action of Γ(2) is not faithful
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for N = 3, 4, 6. This means that even though the groups G are still generated by A and B, they
are no longer freely generated, but rather satisfy some relations R(A,B) = 1 and can therefore
be written as a quotient G = Γ(2)/R. Physically this means that there are inequivalent tangle
configurations which nonetheless give the same contribution to the correlation function. In the
notation of (6.5), the relations R are: (AB)3 = 1 for k = 1, N = 3; (AB)2 = 1 for k = 1, N = 4;
and (AB)3 = (BAB)2 = 1 for k = 1, N = 6.
The correlation function (6.1) is schematically given by [28]








where q = e2πiτN . See [28] for an explanation of the various quantities appearing this expression.
In view of the above, we expect Z to be a modular form of G. To compute its average over the
moduli space of Λ, we use the same tricks as in the previous section: establish that (6.7) satisfies the
analogue of (5.5), which after integrating over the Kähler moduli implies that it is an eigenfunction
of the Laplace operator and can therefore be expressed as a linear combination of Eisenstein series
with respect to an appropriate modular group. We expect the only change to be the number of
cusps and therefore the dimension of the space of Eisenstein series.
We therefore conclude that the averaged correlation functions of the ZN orbifold with N = 3, 4, 6
are also expressed as sums over vortices in rational tangle configurations. As in the Z2 case,
a 2-tangle is rational if and only if its N -fold branched cover is a genus-(N − 1) handle body.
This statement can be shown by using the Smith conjecture, whose proof was outlined by W.
Thurston as explained by J. Morgan in [35]. Thus, one may be tempted to claim that the averaged
correlation functions are equal to sums of vortex configurations such that their double branched
covers allow hyperbolic metrics. Unfortunately, this is not quite right as there are non-handlebodies
with hyperbolic metrics [8]. This is also an issue with the higher genus partition functions in the
T c case [2, 3].
Using (6.7), we can also extract 3-point functions. These go beyond what we found in the Z2
case: there, the only non-vanishing 3-point function is between two twist fields and the vacuum,
giving a 2-point function. Now however we can extract a 3-point function between σ+, σ+ and
σ−−, where σ−− is the (N − 2k)th sector twist field. This 3-point function can be obtained from











− πv2| sin 2πk/N| . (6.8)
Note that even though we extracted the 3-point function from a pinching limit of the 4-point
function, the fake torus does not become degenerate, since τN retains a finite imaginary part in the
limit. In particular this explains why the 3-point function retains an infinite sum of lattice vectors.
We note that the 3-point function is non-vanishing. This agrees with the fact that in the bulk there
is a configuration of one tangle each connecting σ+ to σ−−.
7 Puzzles about non-factorized amplitudes
We can also consider products of partition functions and correlation functions and average them
over the Narain moduli space. There are some puzzles.
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For the Narain theory studied by [2, 3], the bulk dual of the average of the product of the
partition functions is a sum of three-dimensional hyperbolic geometries bounded by two genus-one
surfaces. In particular, one can consider a connected geometry given by a solid torus with another
solid torus dug out in the middle. This gives a non-factorizable contribution to the product of the
partition functions.
Suppose we apply the same rule to the orbifold theory to compute the average of the product
of its partition functions. In the CFT side, the partition function receives contributions from the
untwisted sector and the twisted sectors. Since the twisted sector partition function is independent
of the Narain moduli, the average of the product of the twisted sector partition function and the
partition function of either the untwisted or twisted sector should factorize. Namely, for ZT c/ZN
defined by (4.15),







However, on the bulk side, there are connected geometries bounded by two genus-one surfaces
in twisted sectors. For example, consider a solid torus with the Z2 gauge vortex threading through
it. If we dig out another solid torus inside of the solid torus, removing the gauge vortex with it, we
obtain two genus-one surfaces in the same twisted sector. If we do not remove the gauge vortex,
we obtain one boundary in the untwisted sector and another in the twisted sector. We have not
been able to show that these contributions combine with those from the untwisted sector to give
rise to the right-hand side of (7.1) with the factor 1/N2.
There are related puzzles for correlation functions. Consider, for example, the two-point func-
tion of twist operators on the sphere. Whether it is normalized (divided by the sphere partition
function) or not, the two-point funciton is independent of the Narain moduli. Therefore, the av-
erage of the product of the two-point functions should factorize. However, in the bulk, there are
connected geometries bounded by two spheres; if we consider a solid ball and dig out another solid
ball in its middle, the resulting geometry has a hyperbolic structure and is bounded by two spheres.
We can then add two vortices with two ends on each sphere. Each vortex can either end on the
same sphere or go between the spheres. Unless the sum over such vortex configurations in the
connected geometry cancel out, the bulk amplitude does not factorize into the product of two-point
functions. There are similar and more elaborate puzzles for higher point functions. We hope to
revisit these puzzles in future.
8 Averaging over K3 and Calabi-Yau moduli spaces?
In this section, we will attempt to generalize the previous discussion to averaging over K3 and
Calabi-Yau threefold (CY3) moduli spaces. Because these CFTs are interacting, we no longer will
be able to use the differential equation (2.4) to determine the average partition function. However,
a näıve guess may be that the result of the computation is the same – the average partition function
may be the Poincaré sum of the N = 2 or N = 4 vacuum character, or the moduli-independent
pieces of the partition function. In this section we will show that the former guess is not correct,
as it leads to a spectrum that is not positive definite. We also show the latter guess is not correct
for the case of Calabi-Yau threefolds, and set up a similar calculation for K3.
In addition to potential relations to gravity-like theories, calculating an averaged K3 or Calabi-
Yau partition function would shed light on questions about how a “typical” K3 or Calabi-Yau
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CFT behaves. For instance, the distribution of rational points in K3 and Calabi-Yau CFTs is an
open and interesting problem [36]. If one could calculate the twist gap of the average K3 partition
function under the N = 4 superconformal algebra, that may be an indication of how dense rational
points are (although we pause to note that the vanishing of the twist gap is neither a necessary nor
sufficient condition for rational points being dense [37]).
8.1 Review of N = 4 representation theory
Before we perform the Poincaré sums, let us first review the representation theory of the small
N = 4 superconformal algebra at c = 6. The algebra has two massless (BPS) representations
and one family of massive (non-BPS) representations. Following the notation of [38], we will
refer to the characters of the two BPS representations as χG and χM , where χG is the character
containing the unique NS ground state. Finally, we refer to the massive characters χp as the




8 above the unitarity bound, i.e.
χp(τ, z) =
(







Explicit expressions for the characters were computed by Eguchi and Taormina in [39, 40] in both
the NS and Ramond sectors. However, for our purposes the modular kernels are enough, which
were computed in [40, 41]. We reproduce them in Appendix C in Eqns (C.1) and (C.2). We have
chosen to work in the R̃ spin structure (defined as the trace in the Ramond sector with a (−1)F
inserted) for convenience.
8.2 Poincaré sum of the K3 vacuum character
We now would like to consider the Poincaré sum of the vacuum character as a possible candidate
for the average partition function of K3 CFTs:5














In this section, we will show that the sum (8.2) cannot reproduce the average K3 partition function
for two reasons. First, its Witten index does not match the K3 Witten index of 24. Second, the
non-BPS spectrum of (8.2) is not positive definite.
To calculate the Witten index of (8.2), we compute it in the R̃ sector and set z = z̄ = 0. In the
R̃ sector, χG(γτ, 0) = −2 for all γ. This then gives






The sum in (8.3) diverges of course. However it can be regulated by taking the real analytic
Eisenstein series




|cτ + d|2s (8.4)
5The phase on the RHS of (8.2) is to take into account the chemical potential in the R-symmetry of the N = 4
superconformal algebra. See [25] for a recent paper grading by the chemical potentials of the U(1)c algebra in the
Narain ensemble.
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and continue s → 0. From the explicit form of the Fourier expansion of the Eisenstein series, we
get
E(0, τ, τ̄) = 1. (8.5)
Thus the Witten index in (8.3), with the regularization scheme as described above, is 4, which does
not match the desired answer of 24.
The second problem with (8.2) is more subtle. We will show that the spectrum of non-BPS
states it has is not positive-definite. This is analogous to the negativity found in [42] for the













where the kernel Kγ(p) is defined as










In (8.7) we have by convention labelled the weights of the states by their Liouville momenta p





Following [42], we will consider the limit of (8.7) in the limit of p → 0, and p̄ → ∞, i.e. the
limit of low twist and high spin. It is important that we first take the limit of low twist and second






∈ SL(2,Z). In Appendix C, we show that in this limit,





















where every term in the series expansions in (8.9) are real numbers. Thus we see that in this limit,
the modular transform ST 2S dominates over the S transformation6. Moreover due to the phase,
the spectrum obtained from the modular transformation ST 2S has sign (−1)j , and is therefore not
positive definite. In this limit of small twist and large spin, then, the non-BPS spectrum is not
positive definite for odd spins. Thus, like in the case of the Virasoro algebra, but unlike the case
of the U(1)c algebra, the spectrum obtained from Poincaré sum of the vacuum character is not
positive-definite. Since each individual K3 spectrum is positive-definite, its average must also be
positive-definite, and (8.2) cannot be interpreted as an average.





∈ SL(2,Z) element with c > 1,
and ST 2S is the most dominant amongst such transformations at large spin.
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We pause here to clarify a potentially confusing point. Since we chose to compute the partition
function in the R̃ spin structure, namely
ZK3(τ, τ̄ , z, z̄) = Tr RR
(
(−1)F qL0− c24 yJ0 q̄L0− c24 ȳJ0
)
, (8.10)
and (8.10) is not a positive definite due to the (−1)F , it may be unclear what we mean by the
spectrum not being positive definite. However, (8.10) must be positive-definite in the following
sense. If we expand (8.10) into the c = 6 small N = 4 characters in the R̃ spin structure, the
overlap coefficients must be positive. In other words, we write
ZK3(τ, τ̄ , z, z̄) =
∫
dhdhdQdQ̄ρ(h, h̄, Q, Q̄)χh,Q(τ, z)χh̄,Q̄(τ̄ , z̄), (8.11)
where
χh,Q(τ, z) = Tr (h,Q) representation,R
(
(−1)F qL0− c24 yJ0
)
(8.12)
are the R̃ characters, which are related to the other characters by spectral flow. In (8.11) we
have combined all BPS and non-BPS characters abstractly into a single integral. The quantity
ρ(h, h̄, Q, Q̄) must be non-negative for all h, h̄, Q, Q̄, and indeed this quantity is invariant under
spectral flow. When we compute the Poincaré series of the N = 4 vacuum character, we extract a
non-positive-definite density ρ, so it cannot be the averaged K3 partition function.
8.3 Poincaré sum of K3 BPS states
In Sections 3 and 4 we showed that to reproduce the average of orbifolds of free bosons, one must
do a Poincaré sum of not only the vacuum character, but all moduli-independent characters. A
natural generalization to the case of K3, then, is to not only do the Poincaré sum of the N = 4
vacuum character, but all BPS states. Fortunately, in the case of K3 (unlike for higher dimensional
Calabi-Yau manifolds), there exists a generic BPS spectrum shared by almost all points in moduli
space. This was first explored in [43], and is because of the following:
Let us consider the most general possible spectrum of a K3 sigma model in terms of the N = 4
characters.















hq̄h̄ (χG(τ, z) + 2χM (τ, z)) (χG(τ̄ , z̄) + 2χM (τ̄ , z̄)) . (8.13)
The first line of (8.13) is the half-BPS states; the second and third lines are the quarter-BPS states;
and the final line is the non-BPS states. By unitarity, Nh,Mh, and Nh,h̄ are all non-negative
integers.
The elliptic genus of K3 is obtained by evaluating (8.13) at z̄ = 0 in the R̃ spin structure, and
constraints Nh−2Mh for all h = 1, 2, . . .. The assumption in [43] was that all Mh = 0, because any
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nonzero Mh would correspond to an enlargement of the chiral algebra of the sigma model, and it
is expected that a generic point in moduli space should only have the small N = 4 superconformal
algebra. Therefore, this uniquely determines the Nh’s as




G(q, y) + 2χM (q, y))qh. (8.14)




h = 90q + 462q2 + 1540q3 + . . . . (8.15)
We pause to note that these degeneracies appear to have an interesting connection with the sporadic
Mathieu group M24 [44].


















The sum on the RHS of (8.16) represents the K3 BPS spectrum at generic points in the moduli
space. Although we are unable to get an exact expression for the sum in (8.16), we believe its
spectrum retains the negativity from the Poincaré sum of the vacuum character. In the next
sections we will do the same type of sum, but for Calabi-Yau threefolds and show that this is
indeed the case there.
In this and the previous subsections, we were unable to calculate the average K3 partition
function as a Poincaré sum. However, we can of course compute the average when we only integrate
over a special sublocus in moduli space, instead of the full 80 dimensions. For instance, we can
integrate over the 16-dimensional sublocus of moduli space where the K3 surface is realized as a
T 4/Z2 orbifold, called the Kummer locus. The average over this locus in moduli space will simply
be the Z2 orbifold at c = 4 computed in Section 3, combined with the partition function of four
fermions.
8.4 Review of extended N = 2 representation theory
In this section we briefly review the extended N = 2 superconformal algebra [45, 46]. The algebra
is defined for central charge c = 3ĉ, ĉ ∈ N, and is the algebra obtained on the string worldsheet
with target space Calabi-Yau ĉ-fold.
In general there will be ĉ short multiplets and ĉ−1 families of long multiplets. We will follow the
conventions in [38] and label the multiplets by their highest-weight U(1) charge in the NS sector.
We will label the short multiplets as χG(τ, z) for the unique vacuum multiplet, and χ
Q
M (τ, z), for
the non-vacuum short multiplets with charge Q in the NS sector. Q runs from Q = ±1, . . . ,± ĉ−12
for odd ĉ, and Q = ±1, . . . ,±( ĉ2 − 1), ĉ2 for even ĉ. There are ĉ− 1 families of long multiplets. We
will label them as χpQ, where Q is their charge in the NS sector and p is their Liouville momentum.
For the long multiplets, Q = − ĉ−32 , . . . , ĉ−12 for odd ĉ, and Q = − ĉ2 +1, . . . , ĉ2 −1 for even ĉ. Finally






8 in the NS sector.
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8.5 Poincaré sum of N = 2 vacuum character
The first question we have is what is the Poincaré sum of the vacuum character, and can the average
of some Calabi-Yau moduli space be interpreted as this Poincaré sum?














In Appendix D, we will show that this sum (8.17) is not positive definite for c > 3, which means it
cannot be interpreted as the average of unitary CFTs.
We have thus shown that the Poincaré sum of the vacuum character of the extended N = 2
superconformal algebra does not have a positive definite spectrum for c > 3. It was previously
shown in [42] that the Poincaré sum of the Virasoro and N = 1 super-Virasoro conformal algebras
are also not positive definite for c > 1 and c > 32 respectively, and it was shown in [47] that the
Poincaré sum of the vacuum character of the WN algebra for c > N − 1 is not positive definite.
Furthermore these negativities persist when we do an SL(2,Z) sum with a different regularization,
such as the Rademacher regulator [48]. This then leads us to a conjecture:
Conjecture: A regularized SL(2,Z) sum of the vacuum character of any chiral algebra with
c > ccrit does not have a positive-definite spectrum.
8.6 Poincaré sum of CY3 BPS states
Similar to the K3 case, we can try to refine the above calculation by performing a Poincaré sum
not just of the vacuum character, but all moduli-independent pieces in the conformal manifold. As
in Sec 8.3, a natural guess then would be to sum over all BPS states in the theory. Unfortunately,
at sufficiently high dimension, the half-BPS spectrum of a Calabi-Yau manifold does not determine
its generic quarter-BPS spectrum. If we focus on Calabi-Yau threefolds, the representation theory
is constraining enough that it does. In fact, assuming that the chiral algebra does not enhance, a
generic point in a CY3 moduli space has no quarter-BPS highest weight states [49]. The generic
BPS spectrum given a fixed h1,1 and h2,1 is given by









We can then ask the question: Is the average Calabi-Yau threefold partition function with Hodge
numbers h1,1, h2,1 given by the Poincaré sum of (8.18)?
In Appendix D we will show that the answer is again no: such a sum again does not have
a positive-definite spectrum. Therefore, the statement that the Poincaré sum of the moduli-
independent pieces of an orbifold CFT giving the average does not generalize to Calabi-Yau av-
erages. This negative result also makes us believe that it is unlikely (8.16) has a positive-definite
spectrum.
Given the negative results in this section, it is natural to ask if there are other situations in
which the Poincaré sum of a vacuum character can or cannot be interpreted as a positive-definite
average of CFTs. In Appendix E, we calculate the Poincaré sum of the Virasoro minimal model
vacuum characters and show that in general, they cannot be written as positive linear combinations
of minimal model CFTs.
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A Poincaré sum of the T c/Z2 vacuum character
In this appendix, we will compute the Poincaré sum of the vacuum character of the T c/Z2 CFT,
and show it does not reproduce the averaged Z2 orbifold partition function. Recall the vacuum

































































The second of the four terms is more complicated. Let us first split the sum over Γ∞\SL(2,Z) into
three terms: a sum over Γ0(2), and the two cosets Γ0(2).S and Γ0(2).ST where Γ0(2) is subgroup
of SL(2,Z) generated by T and ST 2S. Finally we mod out all cosets on the left by the group
generated by T . The reason we do this splitting is because |η(τ)|
2c
|η(2τ)|2c is modular invariant (with








































































γ∈Γ∞\Γ0(2) 1 are clearly divergent, but can be defined via analytic continuation of
the non-holomorphic Eisenstein series. In particular, if we define


































In Equations (C.20) and (C.22) of [30], explicit expressions for all three terms in (A.8) are given.
They are:

























































where τ = x+ iy, τ̄ = x− iy.
Finally we need the last two terms in (A.2). Since they are complex conjugates of each other




Unlike the first two terms – which transformed roughly as weight (1/2, 1/2) and weight (0, 0)
modular forms respectively, the expression in (A.10) transforms roughly as a weight (0, 1/2) modular
form. Moreover, because the holomorphic and anti-holomorphic terms are no longer the same, we
now have to worry about the phase that occurs when we do an SL(2,Z) transformation (unlike in
the first two cases). We still will split (A.10) into three pieces based on the elements’ relation to






















































(sτ̄ + d)−c/2e2πicε3(s,d) (A.11)
where e2πicεi(s,d) are some s, d-dependent pure phases that are calculable (in fact they are always
sixteenth roots of unity).
Let us first for simplicity take the case c ≡ 0 (mod 16). The sums in (A.11) have all εi’s drop
out and are simply Eisenstein series under Γ0(2). For c ≡ 0 (mod 4), c > 4,
∑
γ∈Γ∞\Γ0(2)
(sτ + d)−c/2 = 1 +
c








where Bn is the n
th Bernoulli number, defined as
x







Although for other values of c mod 16, we do not have a closed form expression for the sum in
(A.11), the sum converges for c > 4. Therefore we can simply evaluate it numerically. We have
checked numerically that adding (A.11), its complex conjugate, (A.8), and (A.3) does not give the
average partition function of a Z2 orbifold (3.11).
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B Kähler moduli space
In this appendix we derive the differential equation (4.12) satisfied by the Siegel-Narain theta






Θ(m, τ) = 0 . (B.1)
To do this, we first compute the Laplacian on the Kähler submanifold of the Narain moduli space
MK in subsection B.1. We will then act with the Laplacian on the theta function in subsection
B.2 and derive the differential equation.
B.1 ∆MK
We consider σ-models with target spaces being toroidal orbifolds T 2d/ZN , N = 3, 4, 6. As discussed
in section 4.1, the complex structure is fixed under the action of the cyclic group. The associated
moduli space is then a Kähler submanifold of the Narain moduli space which we denote as MK .
The coordinates on MK are real c2 × c2 matrices Gij̄ and Bij̄ . We would like to derive the Laplace
operator on the Kähler subspace, ∆MK .
We consider complex coordinates on the target space. The action of the world sheet σ-model








i∂̄X ̄ + ∂X ̄∂̄Xi) + iBi̄(∂X
i∂̄X ̄ − ∂X ̄∂̄Xi)
]
(B.2)
where Gi̄ is a Hermitian metric with Gij = Gı̄̄ = 0. Likewise, for the B fields Bij = Bı̄̄ = 0. The
exactly marginal operators of the theory are:
O = δGi̄(∂Xi∂̄X ̄ + ∂X ̄∂̄Xi) + iδBi̄(∂Xi∂̄X ̄ − ∂X ̄∂̄Xi) (B.3)
and the 2-point function gives the Zamolodchikov metric on the conformal manifold:
〈O(1, 1) O(0, 0)〉 = Gi¯̀G̄k(δGi̄δGk ¯̀ + δBi̄δB¯̀k) . (B.4)
Thus, on MK we have
ds2 = Gi
¯̀
G̄k(dGi̄dGk ¯̀− dBi̄dBk ¯̀) (B.5)
and the metric gµν is block diagonal with the two blocks given by
g̃µν = G
i¯̀G̄k , µ = (i, ̄) and ν = (k, ¯̀) , (B.6)
for the G coordinates and −g̃µν given for the B coordinates.
Using the standard formula for the Laplace-Beltrami operator on curved space, the Laplacian






|g| (Gi¯̀G̄k) ∂Gk ¯̀
)
. (B.7)








Gi¯̀G̄k ∂Gk ¯̀ +
∂(Gi¯̀G̄k)
∂Gi̄


































































∂Gk ¯̀ +Gi¯̀G̄k ∂Gi̄∂Gk ¯̀
)
= cGk ¯̀∂Gk ¯̀− cGk ¯̀∂Gk ¯̀−Gi¯̀G̄k ∂Gi̄∂Gk ¯̀ = −Gi¯̀G̄k ∂Gi̄∂Gk ¯̀ .
The Laplacian corresponding to the second term on the RHS of eq. (B.5), which we denote by
∆BMK , is much easier to compute since the metric is independent of B fields:
∆BMK = Gi¯̀G̄k ∂Bi̄∂Bk ¯̀ . (B.12)
Putting together eqs. (B.11) and (B.12), we find the Laplacian on the Kähler submanifold:
∆MK = −Gi¯̀G̄k(∂Gi̄∂Gk ¯̀− ∂Bi̄∂Bk ¯̀) . (B.13)
B.2 ∆MKΘ
We next apply the Laplacian ∆MK on the lattice sum Θ (4.7). Let us first consider the action of





¯̀−Gs̄kGr ¯̀v̄s̄vr)Q . (B.14)













































v̄s̄ −Gr ¯̀vrwk) = −
πτ2
α′
(w̄n̄v̄m − vn̄wm) . (B.16)
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(2|w|2|v|2 − (w · v)2 − (w̄ · v̄)2) + πτ2
α′
c|w|2 . (B.18)















We next recall that the moduli space of the world sheet Riemann surface, Σ, is the upper half





















)2(|v|2 + |w|2)2 − 4π2(n · w + n̄ · w̄)2
)
Q . (B.22)




(v2 + w2)Q . (B.23)
All in all, using eqs. (B.19), (B.22), and (B.23), and using w ·v = α′(n ·w), we derive the differential
equation (B.1).
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C N = 4 modular kernels
In this appendix we will work out the modular kernels for the small N = 4 superconformal algebra






































































































































The T kernels are more straightforward:
χG (τ + 1, z) = χG (τ, z)
χM (τ + 1, z) = χM (τ, z)








χp(τ, z) = e2πih
[
(χG(τ, z) + 2χM (τ, z)
]
qh. (C.2)
For convenience we have written the kernels in both “Liouville notation,” as well as more standard
notation.
We will now work out the STnS kernels for integer n. Our strategy will follow that of Appendix
D of [42]. Let us first do the S transform:




















where γτ = aτ+bcτ+d , and γz =
z
cτ+d . Since χ
M is invariant under T , we can remove the Tn for χM on
the RHS of (C.3), and for χp
′
we pick up a phase:


























Finally we can do the S transform which gives:




































































































To read off the kernel KST


























































converges if Im(n) > 0, or if n ∈ R, |Re(z)| < 12 . For example, the first integral in (C.6) converges
if 12 < Im(p) <
3
2 , the second converges if −32 < Im(p) < −12 , and the third if −12 < Im(p) < 12 .
Alternatively we could give n a small (positive) imaginary part and all three would converge.
Remarkably, L. J. Mordell considered precisely the integral in (C.7) in 1933 [50]. It is now known
as a Mordell integral, and is closely related to the theory of mock modular forms. Following [51],



















(h(n, 1 + ip) + h(n, 1− ip) + h(n,−1 + ip) + h(n,−1− ip)− 2h(n, ip)− 2h(n,−ip)) .
(C.9)
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We can now use properties of the function h(τ, z). In particular, using the following properties
found in [51]:
h(τ, z) = h(τ,−z)

























































4n) − 2e 2πin8 h(n, ip). (C.12)
By plugging in τ = 0 in Property (6) in Proposition 1.2 of [51], we find that








Plugging (C.13) into (C.12) for n = 1 gives









which is precisely what we expect from (C.1) under the T−1ST−1 transformation. If we knew the
general expression for h(n, ip) for arbitrary positive integer n, then we would get the full modular
kernel KST
nS(p). Interestingly it seems there is no known analytic expression for h(n, ip) for n > 1.
However, we can numerically evaluate the integral to extremely high precision. For example, from
numerically evaluating h(2, ip) to extremely high precision, we conjecture that h(2, ip) takes the
following exact form:





























where a(n) are integers, with the first 90 values given by:
a(n) = 2, n = 16, 28, 32, 37, 49, 64, 72, 85, 88,
a(n) = 1, n = 1, 4, 5, 9, 12, 13, 21, 29, 33, 40, 41, 53, 60, 65, 69, 81, 84, 89,
a(n) = 0, n = 3, 8, 10, 11, 15, 17, 20, 23, 24, 25, 31, 34, 35, 36, 38, 39, 42, 44, 45,
46, 48, 51, 52, 56, 57, 59, 61, 63, 66, 68, 70, 73, 75, 76, 77, 80, 83, 87,
a(n) = −1, n = 2, 6, 14, 18, 26, 30, 50, 54, 62, 74, 78, 86, 90,
a(n) = −2, n = 7, 19, 22, 27, 43, 47, 55, 58, 67, 71, 79,
a(n) = −4, n = 82. (C.16)
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Plugging in the second line of (C.17) into (C.12) at n = 2 gives the kernel in the small p limit.





















where every coefficient in the series in (C.18) is a real number.
D Extended N = 2 modular kernels
In this appendix we will compute the Poincaré sum of the vacuum character of the extended N = 2
algebra. We will show that the density of states is not positive definite for c > 3.
We first calculate the kernels of the extended N = 2 algebra at c = 3ĉ. There will in general
be ĉ − 1 long representations and ĉ short representations. The kernels can be found in [38]. In





























































































































































Let us now compute the STnS kernel for these characters. First we will do the case ĉ is even:
χG(ST

























































































































































































We can give n a small imaginary part, i.e. set n = 2 + iε so that the integral converges, and then
take the ε → 0 limit. It appears numerically that (D.6) is nonzero in the p → 0 limit. Assuming








, this implies the Poincaré sum is negative,
because the KST
2S(h)KST
2S(h̄) kernel scales as O(1), whereas the KS(h)KS(h̄) scales as O(p2).
It would be good to more rigorously show this as we did for ĉ = 2.
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D.2 Odd ĉ









































































































































Again, we can set n = 2 + iε for small ε and numerically see that (D.8) is nonzero as p→ 0.
D.3 Special case: ĉ = 3
Let us consider the special case of ĉ = 3, which is relevant for CFTs with target space Calabi-Yau
threefold. We have already seen that the Poincaré sum of the vacuum character is not positive
definite. What about the addition of the other half- and quarter-BPS states? Remarkably a generic
CY3 (with no enhanced symmetry) has no quarter-BPS states! In other words, all BPS states are
generically given by









We have argued that the Poincaré sum of the first term, χ0χ0 does not lead to a positive definite
density of states. Would the addition of the two other terms cure the negativity in the odd spin,
low twist states? The answer is no. Unlike in the case of K3, there are only a finite number of
terms in the sum (D.9). We can then do the modular sum of each individually.
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Let us explicit compute these terms. Remarkably, the formulas in the previous section simplify






























2 − e iπ2n
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We can do the same with the remaining two massless characters. We get



















2 − 1)χ(τ, z)pQ=0 + (e
inπ
2 + 1)χ(τ, z)pQ=1
)]
(D.11)




growth in the vacuum term.
E Poincaré sum of minimal model characters
Note added: While in the process of completing this paper, we became aware of the recent paper [52],
in which the authors computed the Poincaré sum of many RCFT characters and attempted to
interpret the answers as averages of CFTs. In this appendix we discuss a very similar computation
for the case of the minimal model characters.
In this section, following [53], we will consider the Poincaré sum of unitary minimal model
vacuum characters. We will show that such a Poincaré sum cannot be interpreted as an ensemble
average of unitary minimal model CFTs.




= ZCFT(τ, τ̄), (E.1)
in other words if the Poincaré sum of a vacuum character at c < 1 can be interpreted as a unitary
CFT partition function. In (E.1), Γc refers to the subgroup of SL(2,Z) that leaves the vacuum
character at central charge c invariant. Unlike for c ≥ 1, due to the null state structure of the
Virasoro algebra at c < 1, this group will in general be a finite index subgroup of SL(2,Z) rendering
the sum in (E.1) finite. The authors of [53] showed that, up to a proportionality constant, the sum
(E.1) only matches the CFT partition function at c = 12 and c =
7
10 ; at higher values of c, the
Poincaré sum is no longer proportional to any physical CFT partition function. For example, [53]










where ZA and ZD are the two physical CFT partition functions at c = 45 , coming from the A-series
and D-series modular-invariant combination of characters (the tetracritical Ising model and the
critical three-state Potts model, respectively). Given (E.2), it is natural to ask if this sum can be
interpreted as an average of CFTs at c = 45 . We will show in this appendix that this cannot be the
case in general, because for a generic minimal model, the modular sum of the vacuum character
cannot be written as a linear combination of physical CFT partition functions. To do this, we first
review the salient facts about the ADE classification of minimal models [54,55].
The unitary minimal models are labeled by a pair of consecutive integers (p, p + 1) with p =
3, 4, 5, · · · . The central charge is given by c = 1− 6p(p+1) . There will be
p(p−1)
2 different characters
in the CFT, transforming as a finite-dimensional representation of SL(2,Z). There are only a finite
number of modular invariant combinations of these characters with non-negative integer coefficients.
For all p, there is an A-series (the diagonal invariant); for all p ≥ 5 there is an additional D-series
invariant; finally for p = 11, 12, 17, 18, 29, 30 there is an exceptional E-series invariant. The explicit
modular-invariant combination of characters for each of these partition functions can be found
in [54–56].
However, if we relax the condition that their coefficients are non-negative integers, we will
find many more modular invariants in general [54–56]7. These additional modular invariants do
not correspond to unitary CFTs, but nonetheless are mathematical functions that are sesquilinear
combinations of the characters invariant under modular transformation. The first p in which
“unphysical” modular invariants show up is at (p, p + 1) = (14, 15) (which corresponds to c =
34
35). The Poincaré sum of the Virasoro vacuum character (14, 15) cannot be written as a linear
combination of the two physical CFT partition functions (the A- and D-series), but rather has














where X(1,3)(τ, τ̄) and X(2,3)(τ, τ̄) are the two unphysical modular invariants at c = 3435 . We follow
the conventions of Appendix B.3 of [53] in defining X(1,3), X(2,3). (In fact the sum in (E.3) does
not even have a positive expansion in the characters.)
Since the sum (E.3) cannot be written as a linear combination of the only two unitary CFTs at
c = 3435 , we conclude that it cannot be interpreted as an averaged CFT partition function. Note that
for the values of p where there is no unphysical partition function, the Poincaré sum can be written
as a linear combination of the physical CFT partition functions. For completeness, we record the
7See also the appendices of [53].
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answers in eq. (E.4) for p = 3, 4, · · · 13 below:∑
γ∈Γc\SL(2,Z)
|χ(3,4)vac (γτ)|2 ∝ ZA(τ, τ̄)∑
γ∈Γc\SL(2,Z)
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